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Differentiation and itis Applications 


Derivatives of the trigonometric function 


Function Derivative 
Sine function sinx cosx 
Cosine function cos x — sinx 
Tangent function tan x sec? x 
Cotangent function cotx |—csc?x 
Secant function sec x sec x tan x 
Cosecant function CSC X -CSC X cot x 


Implicit Differentiation 
Differentiating the implicit relation f (x,y) = 0 requires to differentiate both sides of the 


relation with respect to one of the two variables x or y according to the chain rule to get 


P tivel 
ax 0 dy Iespectively . 


Parametric Differentiation 


The curve given in the parametric form y = f(t),x = g(t), 


d d dt d dx 
then Y = x — = 4 
dx dt dx dt dt 


where f and g are two differentiable functions with respect to t 
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Higher - Derivatives of a functions 


If y = f(x) where f is a differentiable function with respect to x,then the derivatives 
starting from the second dertvative (if found) are called the higher dertvatives and they are 
d? dy 


= or y” , the third derivative is denoted by the symbol y’” or PRE 


denoted the symbol ax2 


dt 
and the n" derivatives is denoted by the symbol y( or 2x or f (x) where n is a 
y y dx” 


positive integer number. 


The two equations of the tangent and the normal to a curve 
If m the slope of the tangent to the curve y = f(x) at the point (x, , Y1) which lies on it, 
then: the equation of the tangent to the curve at point (x, , y1) is: 
yY — y = m(x — x) 


the equation of the normal at point (x, , y1) is: 


=f 
y- y Să) 


Related time Rates 
Ify = f(x),x changes over time t , then y changes over time t. 


. ; ite function of the ti d = = x a 
PE t t the time t pt as ae 
Mi) 2S SOON TUNCH ON OEI DNS AR, aaa dt 


and this relation relates the time rate of change x with the time rate of change y . 


The rate is positive if the variable increases with the increase of time. 


The rate is negative if the variable decreases with the increase of time. 


ty 
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The Calculus of Exponential and 


Logarithmic Functions 


The number e is known by the relation 


; 1\* M a 
e =limy.o (1 + 2) „e =lim,.9(1 + x)* 


109a(1+x) 
x 


S x-1 : 
lim, 49> — = Ina „a>0 ; Limo = logae „a>0 


1 


: In (1+x) _ 
lim,_.9 -a = 


The exponential function with the natural base is a function whose base is e where 


f(x) = e*,x ER 


The natural logarithmic function is a logarithmic function whose base is e where 


f(x) =lnxandx € Rt 


Logarithmic differentiation: 


The relation among the variables can be expressed in a logarithmic form by taking off the 
natural logarithm of its both sides and using the properties of logarithms to simplify the relation 
before doing the differentiation operations 


Some properties of the natural logarithm. 
Ifx €R* ,y € R,a E€ Rt — {1}, then: 


(1) The form y = In x is equivalent to the form e” = x 


2) e"*=x (3) ne = 1 (4) n1=0 (5) loga x= 


Ina 


For each x E Rt ,y E R* ,nE R, then: 


(6) lInxy = Inx+ lny (Din > = Inx- iny 
(8) In x" = nlnx (9) log, x X log, a = 1 
CVA 
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Derivatives of exponential and logarithmic functions 


Function Derivative Condition 
e* e* x ER 
ef) JO. f'(x) f is differentiable 
a* a* lna a >0,az1 
1 
In |x| — x+0 
x 
In |f C) Ag: 6 | fis differentiable, f(x) + 0 
1 
loga x lī a >0,a+1 
x 
f(x) 
loga f(x) f@ Ina a >0,az1 


Integration of exponential and logarithmic functions 


Function Integration Condition 
e* e* +c x ER 
1 
ek* = ekx + C k+0 
ef | f'(x) ef +c f is differentiable 
1 
— In |x| + c x+0 
x 
rs FO | lnif(x)|+c | fis differentiable, f(x) + 0 


Behavior of the Function and Curve 


Sketching 


First derivative test for the monotony of the functions: 
Theorem: let f be a differentiable function on the interval Ja, b[ : 


1-If f ' (x) > 0 for all the value of x € ļa,b [then f is increasing on Ja, b[. 


pia 
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2- If f ' (x) < 0 for all the values of x € Ja, b[ „then f is decreasing on Ja, b[. 


The critical point: 
The continuous function f on Ja, b[ has a critical point (c „F (c)), ifc €ļa,bļ, 
f'(c) = 0 or f'(c)isnot existed. 


The local maximum and minimum values 
If f is a continuous function whose domain is I and c € I, then the function f has: 
1- A local maximum value at c if an open interval is found Ja, b[ C I containing c where 
f(x) < f (c) for each x Eļa,bļ. 
2- A local minimum value at c if an open interval is found ] a,b [C I containing c where 


f (x) > f (c) foreach x €ļa,bļ. 


First derivative test of the maximum and minimum values: 
If (c, f (c)) is a critical point for the continuous function f at c , and an open interval is 
found around c where: 
1- f'(x) > 0 when x < c,f' (x) < 0 when x > c , then f (c) is a local maximum value. 
2- f ' (x) < 0 when x < c, f' (x) > 0 when x > c then f (c) is a local minimum value. 
Theorem: If f is differentiable on |a , b[ and the function f has a local maximum value or 


a local minimum value atc € Ja,b[, then f' (c) = Oorf'(c) does not exists 


The extrema values of a function on a closed interval: 
Theorem: If the function f is continuous on the interval [a ,b |, then the function f has an 
absolute maximum value and absolute minimum value on the interval [a , b]. 
The absolute maximum values and the absolute minimum values of a function on a 
closed interval: 
If the function f is defined on the closed interval [a,b] and c € [a,b] then, 


(1) f (c) is an absolute minimum value on the interval [a ,b] when f (c) < f (x) for each 


xE [a,b] 


tf 
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(2) f(c) is an absolute maximum value on the interval [a , b] when f (c) > f (x) for each 


x € [a,b] 


Second derivative test of the local maximum and minimum values 


Theorem: let the function f has a second derivative on an open interval containing C 
where f ' (c) = 0 

1-If f” (c) < 0 then f(c) is a local maximum value. 

2-Iff'" (c) > O then f(c) is a local minimum value. 


Convexity of curves 
Let the function f be differentiable on the interval Ja , b[ , the curve of the function f is 
convex downwards if f ' is increasing on this interval and is convex upwards if f ' is 


decreasing on this interval. 


Second derivative test for convexity of curves 


Theorem: Let the function f be differentiable twice on the interval Ja , b[, then: 
1-If f''(x) > 0 for all the value of x € Ja, b[, then the curve is convex downwards on 
the interval Ja , bI. 
2-Iff''(x) < 0 for all the value of x E Ja, b[, then the curve is convex upwards on 
the interval Ja , b|. 
Inflection point 


If f is a continuous function on the open interval Ja, b[,c € | a,bļ and the curve of the 
function has a tangent at point (c, f (c)), then this point is called the inflection point to the 
curve of the function f, if the convexity of the curve of the function changes at this point 
from being convex downward to upward or vice versa. 


The Definite Integral and 


its Applications 


Differential of function: 
If the function f is differentiable on an open interval containing x,y = f(x), then: 
dy = f' (x) dx where d y is differential of y and d x is differential of x. 


Integration by substitution: 
It is one of the methods to find the integration of the product of two functions. We can use it 
to change the given integration into know standard integration. 


If z = g (x) isa differentiable function, then: | f(g (x)) g' (x) dx = f f(z) dz 


Lf) 
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Integration by parts: 
it is one of the methods to find the integration of the product of two functions each of them is 
not a derivative to the other. If y and z are two differentiable functions on the interval I , then 


fydz=yz-—fzdy 


Table of fundamental integrations (standard) 


M nti J sec x tan x dx =secx+c 
= = 2n+1 
Jx dx a © „neR—41) X "m ,neZ 
; J csc x cot x dx = —cscx+c 
J sin x dx = -cos x + c 
XENT , neZ 
J cos x dx = sinx +c Je* dx =e* +c 


f sec2x dx = tan x +c 


2n+1 
„XI > 


T,„,neZ 


J csc?x dx = —cot x + c 


[i dx = mlx|+c ,x +0 
,X NT , neZ x 


=> Adding a constant (b) to the independent variable does not affect the formula of 
integration. 

>As multiplying the variable x by the coefficient ( a ), the integration keeps its previous 
formula, but it divides this coefficient. 


Definite integration: 
Theorem: 


If the function f is continuous on the interval [a , b] and F is any antiderivative to the 
b 
function f on the same interval, then Jā f(x)dx = F(b) - F(a) 
Properties of the definite integral: 


If the function f is continuous on the interval [a,b],c €]a,b[ „then: 


1. fe fOoddx = f fdx 


Lee 
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2- |. fa. = 
3- fe fx)d x = J. food + J, fax for each c € [a,b] 


4 f° f(x)dx =0 (If f in an odd function) 


un 


E f- food x=2 fy fad x (If f in an even function) 


Areas of the plane: 
>The area of a region bounded by the curve of the continuous function f on the interval 
[a, b] „the x — axis and the two straight lines: x = a andx = b where f(x) > Ois: 


a= f ras 


>The area of a region bounded by the curve of the two continuities functions f and g on the 
interval [a , b] and the two straight lines: x = a and x = b where f(x) > g (x) > Ois: 


b 
a= | [fe -geoldx 
a 
Volumes of revolution: 


The solid of revolution is generated by revolving a plane region a complete revolution about 
a straight line is called the axis of revolution. 


=> The volume of a solid generated by revolving a region bounded by the curve of the 
continuous function f on the interval [a, b] , the x-axis and the two straight lines 
x = aandx = b acomplete revolution about the x-axis where f(x) > Ois: 


b 
V = n | (F) dx 


>The volume of a solid generated by revolving the region bounded by the two continuous 
functions f and g on the interval [a, b] , the x-axis and the two straight lines x = a and 
x = ba complete revolution about the x-axis where f(x) > g (x) > Ois: 


b 2 2 
r= r | (F)? = (g 0)? | ax 
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